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Abstract Certain types of floating bodies are known to support trapped modes, with oscillatory
fluidmotion near the body and no energy radiation in the far field. Previouswork has considered
either fixed bodies, where the boundary conditions are homogeneous, or bodies which are freely
floating and moving without any exciting force. For a fixed body the existence of a trapped
mode implies that there is no unique solution of the boundary-value problem for the velocity
potential with a prescribed body motion. For a free body which supports a trapped mode, the
solution of the coupled problem for the motions of the fluid and body does not have a unique
solution. A more general case is considered here, of a body with a linear restoring force such
as an elastic mooring. The limiting cases of a fixed and free body correspond to infinite or
zero values of the corresponding spring constant. A variety of body shapes are found including
cylinders in two dimensions and axisymmetric bodies in three dimensions, which illustrate this
more general case of trapping and provide a connection between the fixed and free cases.
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1 Introduction

In the linear theory of wave interactions with floating bodies, the velocity potential is governed
by Laplace’s equation in the fluid domain, a mixed boundary condition on the free surface, and
vanishing of the potential at large depths (or, if the depth is finite, vanishing of the normal
velocity on the bottom). A radiation condition is applied in the far field. On the submerged
surface of the body an inhomogeneous Neumann condition is applicable, stipulating that the
normal velocities of the body and fluid are equal (or, in the diffraction problem, that the
normal derivative of the scattering potential cancels the normal component of the incident-
wave velocity).

This boundary-value problem has been studied extensively over the past century [1,2,3,4].
Numerous applications exist, particularly in offshore engineering [5]. One topic of special
interest from the theoretical standpoint is the issue of uniqueness. John [6] provided a proof of
uniqueness with some restrictions on the body shape, and various extensions have been made,
but there is no general proof for this class of boundary-value problems. Recent reviews of this
subject can be found in [7] and [8].

The impossibility of a general proof of uniqueness was established by McIver [9]. She showed
by an indirect approach that special body profiles exist in two dimensions, with the property



that a trapping mode is supported at a discrete frequency. This is a mode of fluid motion
with finite energy, which persists in the presence of a fixed body and does not radiate energy to
infinity. Thus it is a solution of the linear boundary-value problem with homogeneous boundary
conditions. Since an arbitrary multiple of this solution can be added to particular solutions
of physically-relevant problems, its existence implies that the solution is not unique. McIver’s
approach has been used subsequently to show that a variety of fixed trapping structures exist
in both two and three dimensions [10,11,12].

Recently McIver and McIver [13,14] have shown that similar structures exist which support
trapped modes when they are freely floating and moving in an oscillatory manner, without the
restraint of external forces. This is a different situation from the physical standpoint, describing
the dynamics of a floating body which is excited by an oscillatory force such as the action of the
incident wave system. From the practical standpoint, the existence of a trapping mode in this
context implies that there is no unique solution of the equations of motion. The terms ‘sloshing
trapping structure’ and ‘motion trapping structure’ are used in [13] and [14] to distinguish
between these two complementary problems, where the body is fixed or free, respectively.

The two-dimensional constructions in [9] and [13] are based on tracing the streamlines gen-
erated by two symmetrical singularities on the free surface, which are separated by one-half
wavelength (or, more generally, an integer plus one-half wavelengths). Thus there are no ra-
diated waves in the far field. For the fixed structure a pair of wave sources is used. For the
free structure, wave sources and wave-free singularities are combined, such that the total di-
pole moment vanishes in the far field, and it follows from Green’s theorem that non-zero body
motions can exist without an exciting force. The axisymmetric three-dimensional extensions
[10,14] are analogous, with the singularities distributed on a circular ring in the plane of the
free surface; if the product of the wavenumber and ring radius is a zero of the Bessel function
J0, there is complete cancelation of the radiated waves as in the two-dimensional case.

The fixed and free trapping structures which result from these constructions have two fea-
tures in common: (a) there is an interior region of fluid or ‘moonpool’ which is connected to
the exterior domain beneath the body but enclosed by the body on the free surface, and (b)
the vertical component of the vector normal to the body surface changes sign below the free
surface, so that the body slopes up and inward where it intersects the free surface on the exte-
rior side. Other techniques have been used to establish that fixed and free trapping structures
exist without the latter feature [15, 16].

In the present work a connection is made between the fixed and free trapping problems,
by considering the more general case where a floating body is restrained by a linear restoring
force, as in the case of an idealized elastic mooring. Free trapping structures are recovered in
the limit where the restoring coefficient (or ‘spring constant’) k = 0. Conversely, if k → ±∞,
fixed trapping structures are recovered. (The case k → +∞ is more obvious from the physical
standpoint, corresponding to a fixed restraint. The limit k → −∞ corresponds to an infinitely
large inertial restraint; since this also prevents any motion it is admissible as a limit where the
body is fixed.)

For the more general case (0 < |k| < ∞) we use a linear combination of the singularities
required in the two complementary limits. One minor change from the analysis in [13] and [14]
is the use of quadrupoles to represent the component associated with free trapping structures,
instead of the combination of wave sources and wave-free singularities. That particular com-
bination of singularities, with zero dipole moment in the far field, is equivalent to a vertical



quadrupole, as shown in Appendix A. Thus we consider here the streamlines and possible body
contours generated by sources and quadrupoles.

Separate analyses are described below for the two-dimensional and axisymmetric three-
dimensional problems. The fluid is assumed to be ideal, and unbounded except for the free
surface and the submerged surface of a floating body which has finite dimensions. The motions
of the body and fluid are harmonic in time, with small amplitudes. Only vertical (heave)
motions of the body are considered. The solution for the velocity potential is constructed from
appropriate combinations of sources and quadrupoles, and the corresponding streamlines are
traced by numerical procedures. A variety of trapping structures are found, depending on the
parameter k. In some cases, where k is large and positive, bodies are discovered which do not
have an interior free surface. Conversely, when k is large and negative, bodies are found where
the vertical component of the vector normal to the body surface does not change sign.

2 Analysis in two dimensions

The motion is harmonic with frequency ω in the plane x, z, where z = 0 is the free surface and
z is positive upwards. The coordinates are nondimensionalized with respect to the wavenumber
K = ω2/g, where g is the gravitational acceleration. Thus the wavelength is 2π and the free-
surface condition is φ − φz = 0 on z = 0. We define the complex variable Z = z + ix and the
complex potential F = φ + iψ, where φ is the velocity potential and ψ the stream function.

For a pair of point sources of oscillatory strength, situated at the points x = ±π/2 on the
free surface, the complex potential can be expressed in the form

Fs = e(Z+iπ/2)E1(Z + iπ/2) + e(Z−iπ/2)E1(Z − iπ/2) − 2πH(π/2 − |x|)eZ . (1)

Here E1 is the exponential integral, defined as in [17], and H(π/2−|x|) is equal to 1 if |x| < π/2,
otherwise zero. The oscillatory time-dependence has been factored out, taking advantage of
the fact that the usual out-of-phase components of the oscillatory source potential are canceled
by the half-wavelength spacing. For a pair of quadrupoles at the same points, the complex
potential is

Fq =
d2Fs

dZ2
. (2)

Using the asymptotic expansion for the exponential integral ([17] equation 5.1.51), it follows
that Fs ' 2Z−1 and Fq ' 4Z−3 as |Z| → ∞. Thus Fs is ‘dipole-like’ in the far field, and Fq is
a higher-order singularity with zero dipole moment.

Following the analysis of a freely-floating structure in [13], the solution of the equation of
motion for heave will admit nontrivial homogeneous solutions if (a) there is no damping, and
(b) the sum of the inertial and restoring forces is zero. Zero damping is ensured for any motions
associated with the singularities (1) and (2), since there is no radiated wave energy. The second
condition corresponds to the equation (cf. [13], equation 4)

ρgW (1 + k)− ω2(M + a) = 0. (3)

Here ρgW is the hydrostatic restoring force with ρ the fluid density and W the width of the
waterplane, and k is a nondimensional external restoring coefficient. M is the body mass and
a the added mass. From Green’s theorem it can be shown ([13], equation 18) that

ρgW − ω2(M + a) = −πµρω2, (4)



where µ is the far-field dipole moment, defined such that the asymptotic approximation of the
potential φ0 for unit heave velocity is

φ0 ' −µKRe(Z−1) as |Z| → ∞. (5)

Thus, for a body with an external restoring force, a necessary condition for a trapping mode
to exist is

k = πµK/W. (6)

Following the constructions in [9] and [13] we consider the streamlines ψ =constant, associ-
ated with the complex potential

F = SFs + QFq − V (Z + 1). (7)

Here S is the source strength, Q the quadrupole strength, and V represents a vertical streaming
velocity at infinity which is introduced to cancel the equal and opposite velocity of the body.
F, S,Q, V are nondimensionalized by ω and g. S, Q, and V are real. Without loss of generality
it can be assumed that V ≥ 0.

As |Z| → ∞,
F ' 2S/Z − V (Z + 1)

and the (dimensional) dipole moment for unit heave velocity is

µ = −2S/K2V. (8)

From (6) it follows that
k = −(2πS/KWV ). (9)

Thus, for a positive restoring coefficient, the source strength S must be negative (corresponding
to a source with positive flux). Conversely, if S > 0 (a sink), the mooring restraint is inertial.

Streamlines which surround the singular points x = ±π/2 below the free surface will corre-
spond to the profiles of trapping structures moving with vertical velocity (g/ω)V . By tracing
the streamlines numerically, it can be shown that such profiles do in fact exist, for most but
not all combinations of the parameters S,Q, V . Since (7) can be multiplied by an arbitrary
real constant without affecting the streamlines, only the relative values of S,Q, V are relevant
and the parameter space is two-dimensional.

3 Streamlines and body profiles

The computations for the streamlines are based on searching with a Newton-Raphsonprocedure
for the loci of points with constant values of the stream function, starting at the stagnation
point and continuing until the streamlines intersect the free surface on both sides of the body.
The complex potential (1) is evaluated using a double-precision subroutine for the complex
exponential integral based on the ascending series and continued fraction expansions in [17].
Derivatives up to fourth order are evaluated recursively, as in equation 30 of Appendix B. Step
lengths between 10−1 and 10−2 are used. The maximum errors in the coordinates of the body
profiles are on the order of 10−4.



If V = 0 and Q = 0 the streamlines of (7) yield the family of profiles shown in Figure 1(a).
Conversely, if S = 0 the dipole moment µ = 0, and it follows from (6) that the body is free.
For this case a one-parameter family of closed streamlines exists, depending on the ratio Q/V ,
with profiles shown in Figure 1(b). Except for the normalization of the coordinates these are
graphically identical to the profiles derived in [9] and [13] respectively.

In order to reduce the number of independent parameters we first consider the case Q = V
and, without loss of generality except for the scale, set Q+ |S| = 1. (This permits us to cover
all possible finite values of Q/S with −1 < S < 1.) Examples of the streamlines are shown
in Figure 2, with the corresponding values of the restoring coefficient k. In the left column
S < 0 and k > 0, and conversely in the right column. In all cases shown there is at least one
streamline which surrounds the singular point x = π/2 in the domain below the free surface,
and thus defines the profile of a trapping structure. For small values of S and k this profile
is similar to the case S = 0, shown by the dashed curve in Figure 1(b). In this regime only
one profile exists, with a stagnation point where it intersects the dividing streamline. As |S|
increases the stagnation point and dividing streamline shift toward the right (S > 0) or left
(S < 0), with more significant changes. For S = 0.7 (approximately) the right side of the body
profile is vertical at the free surface and for S > 0.7 the vertical component of the interior
normal vector is positive at all points. In this regime trapping structures exist which satisfy
one of John’s uniqueness requirements for fixed structures, that no vertical lines starting in the
free surface intersect the body. On the other hand, for S ≤ −.7 the stagnation point is on the
vertical axis and the body profile which intersects this point is continuous with its reflection in
x < 0; thus a single closed body is generated without an interior free surface. In both cases, for
larger values of |S|, a family of additional streamlines surround the singular point within the
interior of the profile which intersects the stagnation point; in the limit S → ±1 (Q = V → 0)
this family corresponds to the profiles of the fixed trapping structures shown in Figure 1(a).

Additional computations have been made which confirm the existence of similar profiles
throughout the parameter range −0.9 ≤ S ≤ 0.9 and 0.1 ≤ Q/V ≤ 10. In general, the profiles
are smaller and closer to the singular point when Q/V is large, and vice versa.

Figure 3 shows profiles of moving bodies generated by sources only, without quadrupoles.
These profiles are similar to those shown in the lower row of Figure 2. For small negative values
of S/V there is no profile, but for S < −0.8V a profile exists that is similar to the lower left
plot in Figure 2, with no interior free surface. Note that in the latter case the source flux is
positive, and the streaming flow is downward. It is remarkable that a closed body is formed
in this case, downstream of the pair of sources, contrary to the orientation of a semi-infinite
half-body in an infinite fluid (cf. [18], Figure 4.1).

Figure 4 shows profiles of fixed bodies where both sources and quadrupoles are used. For
Q/S > 0 there is apparently no upper bound on Q/S, but the domain Q/S > 10 has not
been explored. For small negative values of Q/S similar families also exist, but this range is
limited to, approximately, −0.6 < Q/S < 0. Within these ranges, sources and quadrupoles
can be combined to generate fixed trapping structures which generalize from the results in [1].
The principal effect of the quadrupoles is to induce a stagnation point on the innermost body
profile.



4 Axisymmetric trapping structures

A similar analysis can be made for the axisymmetric three-dimensional case, extending the
results in [14]. Nondimensional polar coordinates (r, z) are used. Sources of strength S and
quadrupoles of strength Q are distributed uniformly around a circular ring of radius r = j0,1

in the plane of the free surface, where j0,1 = 2.4048.. is the first zero of the Bessel function J0.
Including the vertical streaming flow as in (7), the velocity potential is

φ = Sφs +Qφq − V (z + 1) =

(
S + Q

∂2

∂z2

)
φs − V (z + 1), (10)

where

φs =
∫ 2π

0
G(x, y, z; r cosα, r sinα, 0)rdα. (11)

The Green function G is defined in Appendix B.

In this case the right side of (4) includes the factor 2 (cf. [14], equation 15), and (6) is
replaced by

k = 2πµK/W. (12)

Here W is the body’s waterplane area, and the dipole moment µ is defined such that the
potential for unit heave velocity is

φ0 ' µ cos θ/R2 as R→ ∞, (13)

with R the dimensional spherical radius from the origin and θ the angle from the negative
z-axis. Using equation 32 in Appendix B, the leading term in the asymptotic expansion of (11)
is

φs ' −4πj0,1 cosθ/K2R2. (14)

Thus
µ = −4πj0,1S/(K

3V ) (15)

and
k = −8π2j0,1S/(K

2WV ). (16)

For the present computations, the potential and first derivatives of the three-dimensional
ring source are evaluated in the same manner as described in [11], using a double-precision
subroutine for the point source and integrating around the circular ring with adaptive Gauss-
Chebyshev integration. Higher-order derivatives are evaluated recursively, as in equation 30 of
Appendix B.

The coordinates of stream surfaces are determined based on the direction of the velocity
vector, with a second-order correction based on the velocity at the midpoint of each step. Step
lengths between 10−3 and 2.5 × 10−4 are used. The maximum errors in the coordinates of the
body profiles are on the order of 10−4.

Figure 5 shows examples of the body profiles where Q = V = 1 − |S|. These are similar to
the two-dimensional profiles illustrated in Figure 2.

Computations of the added mass, damping, and exciting-force coefficients for these struc-
tures have been performed in order to verify that the homogeneous equation of motion (3) is



satisfied at the trapping point K = 1, with no damping at this point, and to characterize the
hydrodynamic forces at other wavenumbers. For this purpose the radiation/diffraction code
WAMIT is used [19]. The geometry of the bodies is represented analytically, with each profile
represented by an economized polynomial of degree ten. For bodies with an internal free surface
the polynomial is in powers of the polar angle about the singular point, ranging from 0 to π
to cover the submerged portion of the profile. For bodies without an internal free surface the
polar angle is about the origin, ranging from zero on the free surface to π/2 on the vertical axis.
The economized polynomials are derived from Chebyshev expansions which fit the computed
streamline coordinates with maximum errors on the order of 10−4. Cubic B-splines are used
to represent the velocity potential. The results shown are estimated to be accurate to three
decimals.

Figure 6 shows the force coefficients for the case S = 0, where the body is free, as in [14].
In addition to the added-mass and damping coefficients, Figure 6(a) also shows the real part of
the left-hand side of the equation of motion (3), confirming that it vanishes at the point K = 1.
The damping coefficient vanishes at this point, as expected, and also at K ' 1.1. The latter
feature is apparently due to the outer profile of the body, and analogous to other bodies which
have their maximum radius below the free surface. To confirm this point computations have
been made for the same profile, but with the interior free surface replaced by a circular disk
which is part of the body; for this structure the damping coefficient vanishes at K ' 1.15. The
real and imaginary parts of the exciting force are plotted in Figure 6(b), to give more precise
indications of the points where the damping is zero; it follows from the Haskind relations [18]
that the exciting force and damping vanish at the same point, and since the real and imaginary
parts of the exciting force change sign this point is indicated more clearly in Figure 6(b).

Figure 7 shows the same coefficients as in Figure 6(a), for the cases S = ±0.7. The corre-
sponding profiles are shown in Figure 5. For S = +0.7 where an interior free surface is present,
sharp fluctuations occur in the vicinity of K = 1. In this case the restoring force required
to produce trapping at K = 1 is negative. For S = −0.7, where a positive restoring force is
required to produce trapping, there is no internal free surface and the force coefficients do not
fluctuate rapidly.

5 Discussion and conclusions

The existence of a trapping mode has been established numerically for floating bodies which
are restrained by linear elastic restoring forces. The restoring force is represented by a coeffi-
cient k, equivalent to a spring constant. Examples of structures which support these modes are
derived by an indirect procedure, where the fluid motion is generated by sources and vertical
quadrupoles located at singular points on the free surface. The geometry of the structures is
represented by profiles which correspond to specific streamlines in the fluid. These streamlines
separate the fluid domain outside the body from the singular points inside the body. The analy-
sis is carried out both in two dimensions and for axisymmetric structures in three dimensions,
with similar results.

In the limit k → 0 the body is free, and the results correspond to the free trapping structures
discovered by McIver and McIver [13,14]. Conversely, for k → ±∞ the body is fixed, and the
streamlines correspond to the fixed trapping structures discovered by the same authors [9,10].
The parameter k provides a connection between these two complementary limits, and shows



that trapping structures also exist in the intermediate regimes. From the practical standpoint,
k > 0 is relevant to a moored vessel where the mooring can be represented by a linear spring.
The regime k < 0 would be applicable to a vessel which is restrained by a mechanical device
with effective inertia.

As noted in the Introduction, the existence of a trapping mode implies that there is no
unique solution of the boundary-value problem for the potential, or of the equations of motion
for the moving body.

The profiles of trapping structures for small values of k are similar to the structures found
by McIver and McIver [13,14] for k = 0. One might expect a similar correspondence for larger
values of |k| with the fixed trapping structures. However significant differences are found in
the latter case. For large positive values of k the interior fluid region is absent, and for large
negative values the vertical component of the normal vector on the submerged body surface
does not change sign. The existence of a trapping structure without an interior ‘moonpool’ is
particularly interesting, since this has been a feature of all fixed and free floating bodies which
support a trapped mode [14].

The restoring force considered here acts in the vertical (heave) direction, and this is the
only degree of freedom considered for the body motion. The situation is more complicated for
the general case of six degrees of freedom of a rigid body, but for symmetric bodies heave is
uncoupled from the other modes. Thus a trapping mode associated with heave implies that
there is no unique solution of the equation of motion for heave, regardless of whether the other
modes are fixed, free, or restrained. Similar trapping modes have been found for horizontal
motions of free bodies [13].

There is a wide variety of bodieswhich do not radiate waves in the far field, when oscillated in
an appropriate manner at one particular frequency. Examples include ‘bulbous’ bodies, where
the maximum width or radius is below the free surface, such that there is complete cancelation
of the radiated waves due to heave motions. Bodies of this type were described by Bessho [20]
and Motora and Koyama [21]. See also the discussions of [21].

An extensive study of wave-free structures was performed by Kyozuka and Yoshida [22],
where the streamlines are generated by wave-free singularities on the vertical axis below the free
surface. Their work includes comparisons with experiments in both two and three dimensions.
They also considered the heave response when the body is moored, with the restoring coefficient
tuned for resonance at the frequency of zero damping. In that condition their problem is
equivalent to that studied here, although they did not consider trapping specifically and the
class of bodies generated by their singularities does not include the possibility of a moonpool.

Other examples of wave-free structures include symmetric bodies with suitable combinations
of horizontal translation and rotation (or rotation about a particular axis), such that the radi-
ated waves in the two modes of motion cancel. It is evident that any wave-free structure can
support trapped modes if it is restrained by a suitable restoring force. The only requirement,
in addition to zero energy radiation, is for the value of the restoring coefficient k to cancel the
remaining terms in the equation of motion (3). Thus it is not surprising to find that a moored
body without an internal free surface can support a trapped mode. This argument also suggests
that axisymmetry is not necessary in three dimensions.
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Appendix A – Two-dimensional singularities in the free surface

Dimensional coordinates are used here for the sake of perspicuity. The potential of a wave
source with oscillatory strength cosωt, located at the point x = ξ, z = ζ, can be expressed in
the form

φs = [log(r/r1) − 2Re(F )] cosωt− 2πRe
(
eZ
)

sinωt, (17)

where (
r

r1

)
=
√

(x − ξ)2 + (z ∓ ζ)2,

F = eZ [E1(Z) + πi] ,

and Z = K (z + ζ + i(x− ξ)). The corresponding expressions for the vertical dipole and
quadrupole are

φd =
∂φs

∂ζ
=

[
−z − ζ

r2
− z + ζ

r2
1

− 2KRe(F ′)

]
cosωt − 2πKRe

(
eZ
)

sinωt (18)

and

φq =
∂2φs

∂ζ2
=
∂2φs

∂z2

=

[
1

r2
− 1

r2
1

− 2
(z − ζ)2

r4
+ 2

(z + ζ)2

r4
1

− 2K2Re(F ′′)

]
cosωt

−2πK2Re
(
eZ
)

sinωt, (19)

where F ′ and F ′′ denote the derivatives with respect to Z. When ζ = 0 these equations simplify
as follows:

φs = −2Re(F ) cos ωt− 2πRe
(
eZ
)
sinωt, (20)

φd =
[
−2

z

r2
− 2KRe(F ′)

]
cosωt− 2πKRe

(
eZ
)

sinωt, (21)

φq = −2K2Re(F ′′) cosωt − 2πK2Re
(
eZ
)

sinωt. (22)

Using [17], equation 5.1.27 to evaluate

F ′ = F − Z−1

and
F ′′ = F ′ + Z−2 = F − Z−1 +Z−2,

it follows that
φd = −2KRe(F ) cosωt − 2πKRe

(
eZ
)

sinωt = Kφs (23)

and

φq = −2K2Re(F − Z−1 +Z−2) cos ωt− 2πK2Re
(
eZ
)
sinωt

= K2φs + 2K2Re(Z−1 − Z−2) cosωt, (24)

or, equivalently,

φq = K2φs − 2

[
K

cos θ

r
+

cos2θ

r2

]
cosωt, (25)

where θ is the polar angle measured from the vertical line below the singularity.



The potential in square brackets in (25) is a wave-free singularity, with a dipole moment
which cancels the corresponding moment from the first term. Thus the quadrupole is equivalent
to the combination of the source and wave-free singularity with zero dipole moment, as stated
in the Introduction.

Equation (23) can be derived more directly from the free-surface boundary condition, using
reciprocity of the source potential; it follows that

Kφs −
∂φs

∂ζ
= 0 on ζ = 0. (26)

Thus the source and vertical dipole are duplicative when constructing a potential from singu-
larities in the free surface, and the quadrupole is the next significant component of a multipole
expansion.

Appendix B – Three-dimensional singularities in the free surface

Extending the notation from Appendix A, the source is situated at the point x = ξ, y = η, z = ζ.
Using results from [23], the Green function or source potential can be expressed in the form

G = [1/R+KF (X,Y )] cosωt+ 2πiKe−Y J0(X) sinωt, (27)

where
R =

√
(x − ξ)2 + (y − η)2 + (z − ζ)2,

X = K
√

(x − ξ)2 + (y − η)2,

Y = K|z + ζ|,
and

F =
(
X2 + Y 2

)−1/2
− πe−Y [H0(X) + Y0(X)] − 2

∫ Y

0
et−Y

(
X2 + t2

)−1/2
dt. (28)

J0, Y0 and H0 are the Bessel and Struve functions of order zero [17].

The partial derivatives of F and G with respect to the vertical coordinate can be evaluated
recursively. In particular, for the case ζ = 0,

Gz = 2
∂

∂z
R−1 +KG (29)

Gzz = 2
∂2

∂Z2
R−1 +KGz = 2

[
∂2

∂z2
R−1 +K

∂

∂z
R−1

]
+K2G, (30)

and so forth.

For KR >> 1 the integral in (28) can be expanded asymptotically in spherical harmonics,
with the leading terms

∫ Y

0
et−Y

(
X2 + t2

)−1/2
dt '

∑

n=0

n!Pn(cos θ)(KR)−(n+1). (31)

Here θ is the angle measured to the field point from the negative z-axis. Thus, except for the
radiated waves on the free surface, the Green function is dipole-like for KR >> 1,

G ' −2 cos θ

KR2
cosωt, (32)



and the quadrupole Gzz is of order R−4. The potential in square brackets in (30) is a wave-free
singularity, with a dipole moment which cancels the corresponding moment from the last term.
Thus the quadrupole is equivalent to this combination of the source and wave-free singularity,
as noted above for the two-dimensional case.
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Figure 1: Streamlines generated by sources of strength S = 1 with Q = V = 0 (a) and quadrupoles of strength
Q with S = 0 (b). The profiles in (a) are generated with starting values on the left waterline between x = 0.07
and x = 0.30. The dashed curve in (b) is for Q/V = 1 and the solid curves range from Q/V = 0.04 to 32,
corresponding to the family of profiles in [13]. The singular point (π/2,0) is marked by a filled circle. Reflected
streamlines for x < 0 are not shown.
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Figure 2: Streamlines generated by the complex potential (7) with Q = V = 1 − |S|. The body profile, shown
by the heavy line, corresponds to the streamline which surrounds the singular point at x = π/2. The dividing
streamline intersects this streamline normally at the stagnation point, and terminates at the singular point.
The singular point (π/2,0) is marked by a filled circle. Reflected streamlines for x < 0 are not shown.
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Figure 3: Streamlines generated by sources of strength S interacting with the vertical streaming flow V = 1.
The quadrupole strength Q = 0. The profiles on the left are for S < 0 (sources with positive flux). The profiles
on the right are for S > 0 (sinks). The singular point (π/2,0) is marked by a filled circle. Reflected streamlines
for x < 0 are not shown.
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Figure 4: Streamlines generated by sources of strength S and quadrupoles of strength Q, with V = 0. The
profiles on the left are for Q/S = −0.5, and on the right for Q/S = +0.5. Note the stagnation points on the
innermost body profile. The singular point (π/2,0) is marked by a filled circle. Reflected streamlines for x < 0
are not shown.
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Figure 5: Profiles of axisymmetric structures with Q = V = 1 − |S|. The singular point at the radius j0,1 =
2.4048.. is marked by a filled circle.
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Figure 6: Hydrodynamic force coefficients for the axisymmetric profile S = 0. The coefficients in (a) are
the added mass (A33), damping (B33), and real part of the equation of motion left-hand side (ReLHS). The
coefficients in (b) are the real (solid) and imaginary (dashed line) parts of the exciting force. The insets show
zoom plots of the coefficients near the trapping wavenumber K = 1.
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Figure 7: Added mass and damping coefficients, and real part of the equation of motion left-hand side for the
axisymmetric profiles S = −0.7 (a) and S = +0.7 (b), with Q = V = 0.3. The damping coefficient in (a) has
a peak value equal to 104, near K = 0.1. The horizontal dashed line is the value of the restoring coefficient k
derived from equation 15.


